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1. Introduction

The concept of fuzzy set was introduced by Zadeh [13].Since then the concept has
invaded nearly all branches of Mathematics. Chang [2] introduced and developed the
theory of fuzzy topological spaces and since then various notions in classical topol-
ogy have been extended to fuzzy topological spaces. Fuzzy sets have applications
in many fields such as information [11] and control [10]. Atanassov [1] generalised
fuzzy sets to intuitionistic fuzzy sets. Coker [3, 4] introduced the notions of an
intuitionistic fuzzy topological space, intuitionistic fuzzy continuous mapping, intu-
itionistic fuzzy compact space, intuitionistic fuzzy quasi coincident and some related
concepts. Tomasz Kubiak [6, 7] studied L-Fuzzy normal spaces and Tietze exten-
sion Theorem and extending continuous L-Real mappings.M.K.Uma ,E.Roja and
G.Balasubramanian [12] discussed Tietze extention theorem for ordered fuzzy pre-
extremally disconnected spaces. G.K.Revathi, E.Roja and M.K.Uma [9] have intro-
duced and studied (r,s) intuitionistic fuzzy quasi uniform regular Gδ set and (r,s)
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intuitionistic fuzzy quasi uniform regular Gδ compactness.In this paper,a new class
of intuitionistic fuzzy quasi uniform topological spaces called ordered intuitionistic
fuzzy quasi uniform topological spaces is introduced.Tietze extention theorem for
ordered (r,s) intuitionistic fuzzy quasi uniform regular Gδ extremally disconnected
spaces has been discussed besides providing several other propositions.

2. Preliminaries

Definition 2.1 ([1]). Let X be a non empty fixed set and I the closed interval
[0,1].An intuitionistic fuzzy set ( IFS ) A is an object of the following form A =
{〈x, µA(x), γA(x)〉 : x ∈ X} where the mapping µA : X → I and γA : X → I denote
the degree of membership ( namely µA(x) ) and the degree of non membership (
namely γA(x) ) for each element x ∈ X to the set A respectively and 0 ≤ µA(x) +
γA(x) ≤ 1 for each x ∈ X.Obviously, every fuzzy set A on a nonempty set X is an
IFS of the following form A = {〈x, µA(x), 1 − µA(x)〉 : x ∈ X} . For the sake of
simplicity, we shall use the symbol A = 〈x, µA(x), γA(x)〉 for the intuitionistic fuzzy
set A = {〈x, µA(x), γA(x) : x ∈ X〉}.
For a given non empty set X,denote the family of all intuitionistic fuzzy sets in X
by the symbol ζX

Definition 2.2 ([1]). Let A and B be IFS’s of the form A = {〈x, µA(x), γA(x)〉 :
x ∈ X} and B = {〈x, µB(x), γB(x) :〉x ∈ X}. Then

(i) A ⊆ B if and only if µA(x) ≤ µB(x) and γA(x) ≥ γB(x)
(ii) A = {〈x, γA(x), µA(x)〉 : x ∈ X}
(iii) A ∩B = {〈x, µA(x) ∧ µB(x), γA(x) ∨ γB(x)〉 : x ∈ X}
(iv) A ∪B = {〈x, µA(x) ∨ µB(x), γA(x) ∧ γB(x)〉 : x ∈ X}

Definition 2.3 ([1]). The IFSs 0∼ and 1∼ are defined by 0∼={〈x, 0, 1〉 : x ∈ X}
and 1∼={〈x, 1, 0〉 : x ∈ X}.
Definition 2.4 ([4]). An intuitionistic fuzzy topology ( IFT ) in Coker’s sense on a
non empty set X is a family τ of IFSs in X satisfying the following axioms.

(T1) 0∼ ,1∼ ∈ τ
(T2) G1 ∩G2 ∈ τ for any G1, G2 ∈ τ
(T3) ∪Gi ∈ τ for arbitrary family {Gi/i ∈ I} ⊆ τ

In this paper by ( X , τ ) or simply by X we will denote the Coker’s intuitionistic
fuzzy topological space ( IFTS ). Each IFSs in τ is called an intuitionistic fuzzy open
set ( IFOS ) in X.The complement A of an IFOS A in X is called an intuitionistic
fuzzy closed set (IFCS) in X.

Definition 2.5 ([8]). Let a and b be two real numbers in [0,1] satisfying the in-
equality a + b ≤ 1.Then the pair 〈a, b〉 is called an intuitionistic fuzzy pair.Let
〈a1, b1〉,〈a2, b2〉 be any two intuitionistic fuzzy pairs.Then define

(1) 〈a1, b1〉 ≤ 〈a2, b2〉 if and only if a1 ≤ a2 and b1 ≥ b2.
(2) 〈a1, b1〉 = 〈a2, b2〉 if and only if a1 = a2 and b1 = b2.
(3) If {〈ai, bi〉/i ∈ J} is a family of intuitionistic fuzzy pairs,then ∨〈ai, bi〉 =

〈∨ai,∧bi〉 and ∧〈ai, bi〉 = 〈∧ai,∨bi〉.
(4) The complement of an intuitionistic fuzzy pair 〈a, b〉 is the intuitionistic fuzzy

pair defined by 〈a, b〉 = 〈b, a〉
34
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(5) 1∼ = 〈1, 0〉 and 0∼ = 〈0, 1〉.
Definition 2.6 ([9]). Let ΩX denotes the family of all intuitionistic fuzzy mappings
f : ζX → ζX with the following properties.

(1) f(0∼) = 0∼
(2) A ⊆ f(A) for every A ∈ ζX

(3) f(∪Ai) = ∪f(Ai) for every Ai ∈ ζX , i ∈ J
For f ∈ ΩX ,the mapping f−1 ∈ ΩX is defined by f−1(A) = ∩{B/f(B) ⊆ A}
For f, g ∈ ΩX , we define, for all A ∈ ζX ,

f u g(A) = ∩{f(A1) ∪ g(A2)/A1 ∪A2 = A},(f ◦ g)(A) = f(g(A))

Definition 2.7 ([9]). Let U : ΩX → I0×I1 be an intuitionistic fuzzy mapping. Then
U is called an intuitionistic fuzzy quasi uniformity on X if it satisfies the following
conditions.

(1) U(f1 u f2) ⊇ U(f1) ∩ U(f2) for f1, f2 ∈ ΩX

(2) For f ∈ ΩX we have ∪{U(f1)/f1 ◦ f1 ⊆ f} ⊇ U(f)
(3) If f1 ⊇ f then U(f1) ⊇ U(f).
(4) There exists f ∈ ΩX such that U(f) = 〈1, 0〉

Then the pair (X,U) is said to be an intuitionistic fuzzy quasi uniform space where
I0 = (0, 1] and I1 = [0, 1) .

Definition 2.8 ([9]). Let (X,U) be an intuitionistic fuzzy quasi uniform space.Define,
for each r ∈ (0, 1] = I0,s ∈ [0, 1) = I1 with r + s ≤ 1 and A ∈ ζX

(r, s)IFQIU (A) = ∪{B/f(B) ⊆ A for some f ∈ ΩX with U(f) > 〈r, s〉}
Definition 2.9 ([9]). Let (X,U) be an intuitionistic fuzzy quasi uniform space.
Then the mapping TU : ζX → I0×I1 is defined by TU (A) = ∪{〈r, s〉/(r, s)IFQIU (A) =
A,r ∈ I0, s ∈ I1 with r+s ≤ 1}. The the pair (X,TU ) is called an intuitionistic fuzzy
quasi uniform topological space.The members of (X,TU ) are called (r,s) intuitionistic
fuzzy quasi uniform open sets.

Note 2.10 ([9]). The complement of (r,s) intuitionistic fuzzy quasi uniform open
set is called (r,s) intuitionistic fuzzy quasi uniform closed set.

Definition 2.11 ([9]). Let (X,TU ) be an intuitionistic fuzzy quasi uniform topologi-
cal space and A be an intuitionistic fuzzy set.Then A is said to be a (r,s) intuitionistic
fuzzy quasi uniform Gδ set if A = ∩∞i=1Ai where each Ai is a (r,s) intuitionistic fuzzy
quasi uniform open set, where r ∈ I0,s ∈ I1 with r + s ≤ 1. The complement of (r,s)
intuitionistic fuzzy quasi uniform Gδ set is an (r,s) intuitionistic fuzzy quasi uniform
Fσ set.

Definition 2.12 ([9]). Let (X,TU ) be an intuitionistic fuzzy quasi uniform topo-
logical space and A be an intuitionistic fuzzy set.Then the intuitionistic fuzzy quasi
uniform σ closure of A is denoted and defined by (r, s)IFQσclU (A) = ∩{B/B ⊇ A
and B is an (r,s) intuitionistic fuzzy quasi uniform Fδ set where r ∈ I0,s ∈ I1 with
r + s ≤ 1 }.
Definition 2.13 ([9]). Let (X,TU ) be an intuitionistic fuzzy quasi uniform topologi-
cal space and A be an intuitionistic fuzzy set.Then A is said to be a (r,s) intuitionistic
fuzzy quasi uniform regular open set if A = (r, s)IFQintU ((r, s)IFQclU (A)) where
r ∈ I0,s ∈ I1 with r + s ≤ 1.
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The complement of (r,s) intuitionistic fuzzy quasi uniform regular open set is a
(r,s) intuitionistic fuzzy quasi uniform regular closed set.

Definition 2.14 ([5]). An fuzzy topological space X is said to be fuzzy extremally
disconnected if the closure of every fuzzy open set in X is fuzzy open in X.

3. Ordered intuitionistic fuzzy quasi uniform regular Gδ extremally
disconnected spaces

Definition 3.1. Let X be a non empty set and A ∈ ζX . Then A is said to be
(1) increasing intuitionistic fuzzy set if x ≤ y implies A(x) ≤ A(y). That is,

µA(x) ≤ µA(y) and γA(x) ≥ γA(y).
(2) decreasing intuitionistic fuzzy set if x ≤ y implies A(x) ≥ A(y). That is,

µA(x) ≥ µA(y) and γA(x) ≤ γA(y).

Definition 3.2. Let X be an ordered set. TU is an intuitionistic fuzzy quasi uniform
topology defined on X.Then (X,TU ,≤) is said to be an ordered intuitionistic fuzzy
quasi uniform topological space.

Definition 3.3. Let (X, TU ) be an intuitionistic fuzzy quasi uniform topological
space and A be (r,s) intuitionistic fuzzy quasi uniform regular open set. Then A is
said to be

(1) (r, s) intuitionistic fuzzy quasi uniform increasing regular open set if x ≤ y
implies A(x) ≤ A(y). That is, µA(x) ≤ µA(y) and γA(x) ≥ γA(y).

(2) (r, s) intuitionistic fuzzy quasi uniform decreasing regular open set if x ≤ y
implies A(x) ≥ A(y). That is, µA(x) ≥ µA(y) and γA(x) ≤ γA(y).

Definition 3.4. Let (X,TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space and A be any intuitionistic fuzzy set in (X, TU ,≤). Then A is said
to be (r,s) intuitionistic fuzzy quasi uniform increasing/ decreasing regular Gδ set if
there exists a (r,s) intuitionistic fuzzy quasi uniform increasing/decreasing regular
open set U such that U ⊆ A ⊆ (r, s)IFQσclU (U).

The complement of (r,s) intuitionistic fuzzy quasi uniform increasing/decreasing
regular Gδ set is said to be (r,s) intuitionistic fuzzy quasi uniform decreasing/increasing
regular Fσ set.

Definition 3.5. Let (X,TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space and A be any intuitionistic fuzzy set in (X,TU ,≤).Then we define

(1) (r, s)IFQrGδIU (A) = (r,s) Intuitionistic fuzzy quasi uniform increasing regu-
lar Gδ closure of A = The smallest ( r,s )intuitionistic fuzzy quasi uniform increasing
regular Fσ set containing A.

(2) (r, s)IFQrGδDU (A) =(r,s) Intuitionistic fuzzy quasi uniform decreasing regu-
lar Gδ closure of A = The smallest ( r,s )intuitionistic fuzzy quasi uniform decreasing
regular Fσ set containing A.

(3) (r, s)IFQrGδI
0
U (A) = (r,s) Intuitionistic fuzzy quasi uniform increasing regu-

lar Gδ interior of A = The greatest ( r,s ) intuitionistic fuzzy quasi uniform increasing
regular Gδ set contained in A.

(4) (r, s)IFQrGδD
0
U (A) = (r,s) Intuitionistic fuzzy quasi uniform decreasing reg-

ular Gδ interior of A = The greatest ( r, s ) intuitionistic fuzzy quasi uniform
decreasing regular Gδ set contained in A.
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Definition 3.6. Let (X,TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space and A be any decreasing intuitionistic fuzzy set in (X, TU ,≤).Then
A is said to be (r,s) intuitionistic fuzzy quasi uniform decreasing regular Gδ Fσ set
in (X, TU ,≤) if A is both ( r, s ) intuitionistic fuzzy quasi uniform decreasing regular
Gδ set and ( r,s )intuitionistic fuzzy quasi uniform decreasing regular Fσ set.

Proposition 3.7. Let (X, TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space.Then for any two intuitionistic fuzzy sets A and B in (X,TU ,≤)
the following are valid.

(1) (r, s)IFQrGδIU (A) = (r, s)IFQrGδD
0
U (A)

(2) (r, s)IFQrGδDU (A) = (r, s)IFQrGδI
0
U (A)

(3) (r, s)IFQrGδI0
U (A) = (r, s)IFQrGδDU (A)

(4) (r, s)IFQrGδD0
U (A) = (r, s)IFQrGδIU (A)

Proof. (1) Since (r, s)IFQrGδIU (A) is a (r,s) intuitionistic fuzzy quasi uniform in-
creasing regular Fσ set containing A, (r, s)IFQrGδIU (A) is a (r,s) intuitionistic
fuzzy quasi uniform decreasing regular Gδ set such that (r, s)IFQrGδIU (A) ⊆ A.
Let B be another (r,s) intuitionistic fuzzy quasi uniform decreasing regular Gδ set
such that B ⊆ A. Then B is a (r,s) intuitionistic fuzzy quasi uniform increasing
regular Fσ set such that B ⊇ A. It follows that (r, s)IFQrGδIU (A) ⊆ B. That is,

B ⊆ (r, s)IFQrGδIU (A).

Thus, (r, s)IFQrGδIU (A) is the largest (r,s) intuitionistic fuzzy quasi uniform de-
creasing regular Gδ set such that (r, s)IFQrGδIU (A) ⊆ A. That is,

(r, s)IFQrGδIU (A) = (r, s)IFQrGδD
0
U (A).

The proof of (2),(3) and (4) are similar to (1). ¤
Definition 3.8. Let (X,TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space.Let A be any (r,s) intuitionistic fuzzy quasi uniform increasing
regular Gδ set in (X, TU ,≤). If (r, s)IFQrGδIU (A) is (r,s) intuitionistic fuzzy
quasi uniform increasing regular Gδ set in (X, TU ,≤) ,then (X, TU ,≤) is said to
be upper (r,s) intuitionistic fuzzy quasi uniform regular Gδ extremally disconnected
space.Similarly we can define lower (r,s) intuitionistic fuzzy quasi uniform regular
Gδ extremally disconnected space.

Definition 3.9. An ordered intuitionistic fuzzy quasi uniform topological space
(X, TU ,≤) is said to be ordered (r,s) intuitionistic fuzzy quasi uniform regular Gδ

extremally disconnected space if it is both upper (r,s) intuitionistic fuzzy quasi uni-
form regular Gδ extremally disconnected space and lower (r,s) intuitionistic fuzzy
quasi uniform regular Gδ extremally disconnected space.

Proposition 3.10. Let (X, TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space.Then the following statements are equivalent

(1) (X, TU ,≤) is an upper (r,s) intuitionistic fuzzy quasi uniform regular Gδ ex-
tremally disconnected space .

(2) For each (r,s) intuitionistic fuzzy quasi uniform decreasing regular Fσ set A,
(r, s)IFQrGδD

0
U (A) is (r,s) intuitionistic fuzzy quasi uniform decreasing regular Fσ.
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(3) For each (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ set A,we
have (r, s)IFQrGδDU ((r, s)IFQrGδIU (A)) = (r, s)IFQrGδIU (A)

(4) For each (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ set
A and an (r,s) intuitionistic fuzzy quasi uniform decreasing regular Gδ set B in
(X, TU ,≤) with (r, s)IFQrGδIU (A) = B, we have ,(r, s)IFQrGδDU (B) = (r, s)
IFQrGδIU (A).

Proof. (1) ⇒(2) Let A be any (r,s) intuitionistic fuzzy quasi uniform decreasing
regular Fσ set. Then A is an (r,s) intuitionistic fuzzy quasi uniform increasing
regular Gδ set and so by assumption (1), (r, s)IFQrGδIU (A) is (r,s) intuitionistic
fuzzy quasi uniform increasing regular Gδ set.That is,(r, s)IFQrGδD

0
U (A) is (r,s)

intuitionistic fuzzy quasi uniform decreasing regular Fσ set.
(2) ⇒(3) Let A be any (r,s) intuitionistic fuzzy quasi uniform increasing regular

Gδ set.Then A is an (r,s) intuitionistic fuzzy quasi uniform decreasing regular Fσ

set.Then by (2),(r, s)IFQrGδD
0
U (A) is an (r,s) intuitionistic fuzzy quasi uniform

decreasing regular Fσ set. Now,

(r, s)IFQrGδDU ((r, s)IFQrGδD
0
U (A)) = (r, s)IFQrGδD

0
U (A)

= (r, s)IFQrGδIU (A).

(3) ⇒(4) Let A be a (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ

set and B be a (r,s) intuitionistic fuzzy quasi uniform decreasing regular Gδ set such
that (r, s)IFQrGδIU (A) = B. By (3),

(r, s)IFQrGδDU ((r, s)IFQrGδIU (A)) = (r, s)IFQrGδIU (A).
(r, s)IFQrGδDU (B) = (r, s)IFQrGδIU (A).
(4) ⇒(1) Let A be a (r,s) intuitionistic fuzzy quasi uniform increasing regular

Gδ set.Put B = (r, s)IFQrGδIU (A).Clearly,B is a (r,s) intuitionistic fuzzy quasi
uniform decreasing regular Gδ set. By (4) it follows that

(r, s)IFQrGδDU (B) = (r, s)IFQrGδIU (A).

That is, (r, s)IFQrGδIU (A) is a (r,s) intuitionistic fuzzy quasi uniform decreasing
regular Fσ set.Hence (X, TU ,≤) is an upper (r,s) intuitionistic fuzzy regular Gδ

extremally disconnected space. ¤
Proposition 3.11. Let (X, TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space. Then (X, TU ,≤) is an upper (r,s) intuitionistic fuzzy quasi uni-
form regular Gδ extremally disconnected space if and only if for each (r,s) intu-
itionistic fuzzy quasi uniform decreasing regular Gδ set A and (r,s) intuitionis-
tic fuzzy quasi uniform decreasing regular Fσ set B such that A ⊆ B we have,
(r, s)IFQrGδDU (A) ⊆ (r, s)IFQrGδD

0
U (B).

Proof. Suppose (X, TU ,≤) is an upper (r,s) intuitionistic fuzzy quasi uniform reg-
ular Gδ extremally disconnected space and let A be a (r,s) intuitionistic fuzzy
quasi uniform decreasing regular Gδ set and B be a (r,s) intuitionistic fuzzy quasi
uniform decreasing regular Fσ set such that A ⊆ B.Then by (2) of Proposition
3.10, (r, s)IFQrGδD

0
U (B) is (r,s) intuitionistic fuzzy quasi uniform decreasing reg-

ular Fσ set. Also, since A is a (r,s) intuitionistic fuzzy quasi uniform decreasing
regular Gδ set and A ⊆ B, it follows that A ⊆ (r, s)IFQrGδD

0
U (B).Again,since
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(r, s)IFQrGδDU (A) is a (r,s) intuitionistic fuzzy quasi uniform decreasing regular
Fσ set,it follows that (r, s)IFQrGδDU (A) ⊆ (r, s)IFQrGδD

0
U (B).

Conversely, let B be any (r,s) intuitionistic fuzzy quasi uniform decreasing regular
Fσ set. Then by Definition 3.5, (r, s)IFQrGδD

0
U (B) is a (r,s) intuitionistic fuzzy

quasi uniform decreasing regular Gδ set and it is also clear that (r, s)IFQrGδD
0
U (B)

⊆ B. Therefore by assumption, (r, s)IFQrGδDU ((r, s)IFQrGδD
0
U (B)) ⊆ (r, s)

IFQrGδD
0
U (B). This implies that (r, s)IFQrGδD

0
U (B) is a (r,s) intuitionistic fuzzy

quasi uniform decreasing regular Fσ set Hence by (2) of Proposition 3.10, it fol-
lows that (X,TU ,≤) is an upper (r,s) intuitionistic fuzzy quasi uniform regular Gδ

extremally disconnected space. ¤

Remark 3.12. Let (X, TU ,≤) be an upper (r,s) intuitionistic fuzzy quasi uniform
regular Gδ extremally disconnected space. Let {Ai, Bi/i ∈ N} be collection such
that Ai’s are (r,s) intuitionistic fuzzy quasi uniform decreasing regular Gδ sets and
Bi are (r,s) intuitionistic fuzzy quasi uniform decreasing regular Fσ sets. Let A
and B be (r,s) intuitionistic fuzzy quasi uniform decreasing regular Gδ set and (r,s)
intuitionistic fuzzy quasi uniform increasing regular Gδ set respectively . If Ai ⊆
A ⊆ Bj and Ai ⊆ B ⊆ Bj for all i, j ∈ N , then there exists a (r,s) intuitionistic fuzzy
quasi uniform decreasing regular GδFσ set C such that (r, s)IFQrGδDU (Ai) ⊆ C ⊆
(r, s)IFQrGδD

0
U (Bj) for all i, j ∈ N .

Proof. By Proposition 3.11, (r, s)IFQrGδDU (Ai) ⊆ (r, s)IFQrGδDU (A) ∩ (r, s)
IFQrGδD

0
U (B) ⊆ (r, s)IFQrGδD

0
U (Bj) for all i, j ∈ N . Letting C = (r, s)IFQrGδ

DU (A) ∩ (r, s)IFQrGδD
0
U (B) in the above, we have C is a (r,s) intuitionistic fuzzy

quasi uniform decreasing regular GδFσ set satisfying the required conditions. ¤

Proposition 3.13. Let (X, TU ,≤) be an ordered (r,s) intuitionistic fuzzy quasi uni-
form regular Gδ extremally disconnected space. Let {Aq}q∈Q and {Bq}q∈Q be mono-
tone increasing collections of (r,s) intuitionistic fuzzy quasi uniform decreasing reg-
ular Gδ sets and (r,s) intuitionistic fuzzy quasi uniform decreasing regular Fσ sets of
(X, TU ,≤) respectively. Suppose that Aq1 ⊆ Bq2 whenever q1 < q2 (Q is the set of all
rational numbers). Then there exists a monotone increasing collection {Cq}q∈Q of
a (r,s) intuitionistic fuzzy quasi uniform decreasing regular GδFσ sets of (X,TU ,≤)
such that (r, s)IFQrGδDU (Aq1) ⊆ Cq2 and Cq1 ⊆ (r, s)IFQrGδD

0
U (Bq2) whenever

q1 < q2.

Proof. Let us arrange all rational numbers into a sequence {qn} (without repeti-
tions). For every n ≥ 2, we shall define inductively a collection {Cqi/1 ≤ i < n} ⊂
ζX such that

(r, s)IFQrGδDU (Aq) ⊆ Cqi if q < qi,

Cqi ⊆ (r, s)IFQrGδD
0
U (Bq)if qi < q, for all i < n (Sn)

By Proposition 3.11, the countable collections {(r, s)IFQrGδDU (Aq)} and
{(r, s)IFQrGδD

0
U (Bq)} satisfies (r, s)IFQrGδDU (Aq1) ⊆ (r, s)IFQrGδD

0
U (Bq2) if

q1 < q2. By Remark 3.10, there exists a (r,s) intuitionistic fuzzy quasi uniform
decreasing regular GδFσ set D1 such that

(r, s)IFQrGδDU (Aq1) ⊆ D1 ⊆ (r, s)IFQrGδD
0
U (Bq2)
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Letting Cq1 = D1, we get (S2). Assume that intuitionistic fuzzy sets Cqi
are

already defined for i < n and satisfy (Sn). Define E = ∪{Cqi/i < n, qi < qn} ∪ Aqn

and F = ∩{Cqj
/j < n, qj > qn} ∩Bqn

. Then

(r, s)IFQrGδDU (Cqi
) ⊆ (r, s)IFQrGδDU (E) ⊆ (r, s)IFQrGδD

0
U (Cqj

)

and

(r, s)IFQrGδD
0
U (Cqi

) ⊆ (r, s)IFQrGδD
0
U (F ) ⊆ (r, s)IFQrGδD

0
U (Cqj

)

whenever qi < qn < qj(i, j < n), as well as Aq ⊆ (r, s)IFQrGδDU (E) ⊆ Bq′ and
Aq ⊆ (r, s)IFQrGδD

0
U (F ) ⊆ Bq′ whenever q < qn < q

′
. This shows that the

countable collection {Cqi/i < n, qi < qn} ∪ {Aq|q < qn} and {Cqj /j < n, qj > qn} ∪
{Bq|q > qn} together with E and F fulfil the conditions of Remark 3.12. Hence, there
exists a (r,s) intuitionistic fuzzy quasi uniform decreasing regular GδFσ set Dn such
that (r, s)IFQrGδDU (Dn) ⊆ Bq if qn < q, Aq ⊆ (r, s)IFQrGδD

0
U (Dn) if q < qn,

(r, s)IFQrGδDU (Cqi
) ⊆ (r, s)IFQrGδD

0
U (Dn) if qi < qn (r, s).IFQrGδDU (Dn) ⊆

(r, s)IFQrGδD
0
U (Cqi) if qn < qj where 1 ≤ i, j ≤ n−1. Letting Cqn = Dn we obtain

an intuitionistic fuzzy sets Cq1 , Cq2 , Cq3 , ......, Cqn that satisfy (Sn+1). Therefore, the
collection {Cqi/i = 1, 2, ...} has the required property. ¤

Definition 3.14. Let (X, TU ,≤) and (Y, SV ,≤) be an ordered (r,s) intuitionistic
fuzzy quasi uniform topological spaces and f : (X, T,≤) → (Y, S,≤) be an intuition-
istic fuzzy mapping.Then f is said to be a (r,s) intuitionistic fuzzy quasi uniform
increasing/decreasing regular Gδ continuous mapping if for any (r,s) intuitionistic
fuzzy quasi uniform regular Gδ set A in (Y, SV ,≤) , f−1(A) is a (r,s) intuitionistic
fuzzy quasi uniform increasing/decreasing regular Gδ set in (X,TU ,≤).

If f is both (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ con-
tinuous mapping and (r,s) intuitionistic fuzzy quasi uniform decreasing regular Gδ

continuous mapping then it is called ordered (r,s) intuitionistic fuzzy quasi uniform
regular Gδ continuous mapping.

4. Tietze extention theorem for ordered (r,s) intuitionistic fuzzy
quasi uniform regular Gδ extremally disconnected space

An intuitionistic fuzzy real line RI(I) is the set of all monotone decreasing intu-
itionistic fuzzy set A ∈ ζR satisfying

∪{A(t) : t ∈ R} = 1∼

∩{A(t) : t ∈ R} = 0∼

After the identification of intuitionistic fuzzy sets A,B ∈ RI(I) if and only if A(t−) =
B(t−) and A(t+) = B(t+) for all t ∈ R where

A(t−) = ∩{A(s) : s < t} and
A(t+) = ∪{A(s) : s > t}

The natural intuitionistic fuzzy topology on RI(I) is generated from the subbasis
{LI

t , R
I
t : t ∈ R} where LI

t , R
I
t are mapping from RI(I) → II(I) are given by

LI
t [A] = A(t−) and RI

t [A] = A(t+).
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The intuitionistic fuzzy unit interval II(I) is a subset of RI(I) such that [A] ∈
II(I) if the member and non member of A are defined by

µA(t) =
{

0 if t > 1
1 if t < 0

and

γA(t) =
{

1 if t > 1
0 if t < 0

respectively.

Definition 4.1. Let (X,TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space and f : X → RI(I) be a mapping.Then f is said to be lower (r,s)
intuitionistic fuzzy quasi uniform regular Gδ continuous mapping if f−1(RI

t ) is a (r,s)
intuitionistic fuzzy quasi uniform increasing regular Gδ set or (r,s) intuitionistic fuzzy
quasi uniform decreasing regular Gδ set , for t ∈ R.

Definition 4.2. Let (X,TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space and f : X → RI(I) be a mapping.Then f is said to be upper (r,s)
intuitionistic fuzzy quasi uniform regular Gδ continuous mapping if f−1(LI

t ) is a (r,s)
intuitionistic fuzzy quasi uniform increasing regular Gδ set or (r,s) intuitionistic fuzzy
quasi uniform decreasing regular Gδ set , for t ∈ R.

Note 4.3. Let X be a non empty set and A ∈ ζX .Then A∼ = 〈µA(x), γA(x)〉 for
every x ∈ X.

Proposition 4.4. Let (X, TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space, A ∈ ζX and f : X → RI(I) be such that

f(x)(t) =





1∼ if t < 0
A∼ if 0 ≤ t ≤ 1
0∼ if t > 1

and for all x ∈ X.Then f is lower/upper (r,s) intuitionistic fuzzy quasi uniform
regular Gδ continuous mapping if and only if A is (r,s) intuitionistic fuzzy quasi
uniform increasing or decreasing regular Gδ /regular Fσ set.

Proof. It suffices to observe that

f−1(RI
t ) =





1∼ if t < 0
A if 0 ≤ t ≤ 1
0∼ if t > 1

implies f is lower (r,s) intuitionistic fuzzy quasi uniform regular Gδ continuous map-
ping if and only if A is (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ

set and

f−1(LI
t ) =





1∼ if t < 0
A if 0 ≤ t ≤ 1
0∼ if t > 1

implies f is upper (r,s) intuitionistic fuzzy quasi uniform regular Gδ continuous
mapping if and only if A is (r,s) intuitionistic fuzzy quasi uniform decreasing regular
Fσ set.Thus proved. ¤
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Definition 4.5. Let X be any non empty set.An intuitionistic fuzzy charectaristic
mapping of an intuitionistic fuzzy set A in X is a map ΨA : X → II(I) defined by
ΨA(x) = A∼ for each x ∈ X.

Proposition 4.6. Let (X, TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space, A ∈ ζX .Then ΨA is lower/upper (r,s) intuitionistic fuzzy quasi
uniform regular Gδ continuous mapping if and only if A is (r,s) intuitionistic fuzzy
quasi uniform increasing or decreasing regular Gδ / regular Fσ set.

Proof. Proof is similar to Proposition 4.4. ¤
Proposition 4.7. Let (X, TU ,≤) be an ordered intuitionistic fuzzy quasi uniform
topological space. Then the following are equivalent

(1) (X, TU ,≤) is an upper (r,s) intuitionistic fuzzy quasi uniform regular Gδ ex-
tremally disconnected space

(2) If g, h : X → RI(I), g is lower (r,s) intuitionistic fuzzy quasi uniform regular
Gδ continuous mapping, h is upper (r,s) intuitionistic fuzzy quasi uniform regular
Gδ continuous mapping and g ⊆ h, then there exists an (r,s) intuitionistic fuzzy
quasi uniform increasing regular Gδ continuous mapping f : (X, TU ,≤) → RI(I)
such that g ⊆ f ⊆ h

(3) If A is a (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ set and
B is a (r,s) intuitionistic fuzzy quasi uniform decreasing regular Gδ set such that
B ⊆ A, then there exists (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ

continuous mapping f : (X, T,≤) → RI(I) such that B ⊆ f−1(LI
1) ⊆ f−1(RI

0) ⊆ A.

Proof. (1) ⇒ (2) Define Ar = h−1(LI
r) and Br = g−1(RI

r), for all r ∈ Q (Q is the set
of all rationals). Clearly, {Ar}r∈Q and {Br}r∈Q are monotone increasing families
of a (r,s) intuitionistic fuzzy quasi uniform decreasing regular Gδ sets and (r,s)
intuitionistic fuzzy quasi uniform decreasing regular Fσ sets of (X,TU ,≤). Moreover
Ar ⊆ Bs if r < s.By Proposition 3.13,tere exists a monotone increasing family
{Cr}r∈Q of a (r,s) intuitionistic fuzzy quasi uniform decreasing regular GδFσ sets
of (X,TU ,≤) such that (r, s)IFQrGδDU (Ar) ⊆ Cs and Cr ⊆ (r, s)IFQrGδD

0
U (Bs)

whenever r < s (r, s ∈ Q). Letting Vt =
⋂

r<t Cr for t ∈ R, we define a monotone
decreasing family {Vt | t ∈ R} ⊆ ζX . Moreover we have (r, s)IFQrGδIU (Vt) ⊆
(r, s)IFQrGδI

0
U (Vs) whenever s < t. We have,

⋃

t∈R
Vt =

⋃

t∈R

⋂
r<t

Cr ⊇
⋃

t∈R

⋂
r<t

Br =
⋃

t∈R

⋂
r<t

g−1(LI
t )

=
⋃

t∈R
g−1(LI

t ) = g−1(
⋃

t∈R
LI

t ) = 1∼

Similarly,
⋂

t∈R Vt = 0∼. Now define a mapping f : (X,TU ,≤) → RI(I) possessing
required conditions. Let f(x)(t) = Vt(x), for all x ∈ X and t ∈ R. By the above
discussion, it follows that f is well defined. To prove f is a (r,s) intuitionistic fuzzy
quasi uniform increasing regular Gδ continuous mapping. Observe that

⋃
s>t Vs =

⋃
s>t(r, s)IFQrGδI

0
U (Vs) and

⋂
s<t Vs =

⋂
s<t(r, s)IFQrGδIU (Vs).

Then f−1(RI
t ) =

⋃
s>t Vs =

⋃
s>t(r, s)IFQrGδI

0
U (Vs) is a (r,s) intuitionistic fuzzy

quasi uniform increasing regular Gδ and
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f−1(LI
t ) =

⋂
s<t Vs =

⋂
s<t(r, s)IFQrGδIU (Vs)

is a (r,s) intuitionistic fuzzy quasi uniform increasing regular Fσ set. Therefore, f
is (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ continuous mapping.
To conclude the proof it remains to show that g ⊆ f ⊆ h. That is,

g−1(LI
t ) ⊆ f−1(LI

t ) ⊆ h−1(LI
t ) and g−1(RI

t ) ⊆ f−1(RI
t ) ⊆ h−1(RI

t )

for each t ∈ R. We have,

g−1(LI
t ) =

⋂
s<t

g−1(LI
s) =

⋂
s<t

⋂
r<s

g−1(RI
r) =

⋂
s<t

⋂
r<s

Br

⊆
⋂
s<t

⋂
r<s

Cr =
⋂
s<t

Vs = f−1(LI
t )

and

f−1(LI
t ) =

⋂
s<t

Vs =
⋂
s<t

⋂
r<s

Cr ⊆
⋂
s<t

⋂
r<s

Ar

=
⋂
s<t

⋂
r<s

h−1RI
r =

⋂
s<t

h−1(LI
s) = h−1(LI

t )

Similarly,

g−1(RI
t ) =

⋃
s>t

g−1(RI
s) =

⋃
s>t

⋃
r>s

g−1(LI
r) =

⋃
s>t

⋃
r>s

Br

⊆
⋃
s>t

⋂
r<s

Cr =
⋃
s>t

Vs = f−1(RI
t )

and

f−1(RI
t ) =

⋃
s>t

Vs =
⋃
s>t

⋂
r<s

Cr ⊆
⋃
s>t

⋃
r>s

Ar

=
⋃
s>t

⋃
r>s

h−1(RI
r) =

⋃
s>t

h−1(RI
s) = h−1(RI

t ).

Hence, the condition (ii) is proved.
(2) ⇒ (3) A is a (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ set

and B is a (r,s) intuitionistic fuzzy quasi uniform decreasing regular Gδ set such
that B ⊆ A.Then, ΨB ⊆ ΨA, ΨB and ΨA lower and upper (r,s) intuitionistic fuzzy
quasi uniform regular Gδ continuous mapping respectively.Hence by (2),there exists
a (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ continuous mapping
f : (X,TU ,≤) → II(I) such that ΨB ⊆ f ⊆ ΨA. Clearly, f(x) ∈ [0, 1] for all
x ∈ X and B = Ψ−1

B (LI
1) ⊆ f−1(LI

1) ⊆ f−1(RI
0) ⊆ Ψ−1

A (RI
0) = A. Therefore,

B ⊆ f−1(LI
1) ⊆ f−1(RI

0) ⊆ A.
(3) ⇒ (1) Since f−1(LI

1) and f−1(RI
0) are (r,s) intuitionistic fuzzy quasi uniform

decreasing regular Fσ and (r,s) intuitionistic fuzzy quasi uniform decreasing regular
Gδ sets by Proposition 3.11,(X, TU ,≤) is a (r,s) intuitionistic fuzzy quasi uniform
regular Gδ extremally disconnected space. ¤
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Note 4.8. Let X be a non empty set and A ⊂ X. Then an intuitionistic fuzzy set
χ∗A is of the form 〈x, χA(x), 1− χA(x)〉 where

χA(x) =
{

1 if x ∈ X
0 if x 6∈ X

Proposition 4.9. Let (X,TU ,≤) be an upper intuitionistic fuzzy quasi uniform reg-
ular Gδ extremally disconnected space. Let A ⊂ X be such that χ∗A is (r,s) intuition-
istic fuzzy quasi uniform increasing regular Gδ in (X,TU ,≤). Let f : (A, TU/A) →
II(I) be an (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ continuous
mapping . Then f has an (r,s) intuitionistic fuzzy quasi uniform increasing regular
Gδ continuous extension over (X, TU ,≤).

Proof. Let g, h : X → II(I) be such that g = f = h on A and g(x) = 〈0, 1〉 = 0∼ ,
h(x) = 〈1, 0〉 = 1∼ if x 6∈ A. For every t ∈ R, We have,

g−1(RI
t ) =

{
Bt ∩ χ∗A if t ≥ 0 ,
1∼ if t < 0,

where Bt is an (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ such
that Bt/A = f−1(RI

t ) and

h−1(LI
t ) =

{
Dt ∩ χ∗A if t ≤ 1 ,
1∼ if t > 1,

where Dt is an (r,s) intuitionistic fuzzy quasi uniform increasing regular Gδ set
such that Dt/A = f−1(LI

t ) . Thus, g is lower (r,s) intuitionistic fuzzy quasi uniform
regular Gδ continuous mapping and h is upper (r,s) intuitionistic fuzzy quasi uniform
regular Gδ continuous mapping with g ⊆ h. By Proposition 4.7, there is an (r,s)
intuitionistic fuzzy quasi uniform increasing regular Gδ continuous mapping F :
X → II(I) such that g ⊆ F ⊆ h. Hence F ≡ f on A. ¤
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